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THE BANACH-MAZUR COMPACTUM IS THE ALEXANDROFF
COMPACTIFICATION OF A HILBERT CUBE MANIFOLD
S.M. Ageev, S.A. Bogatyi and D. Repovsˇ
Abstract. We prove that for every n > 2, the Banach-Mazur compactum Q(n) is the compact-
ification of a Hilbert cube manifold by the Euclidean point. For n = 2 this result was proved
earlier.
1. Introduction
In this paper we continue the study of topological properties of the Banach-Mazur com-
pacta Q(n), i.e. the sets of all isometry classes of n-dimensional Banach spaces, topologized
by the Banach-Mazur metric. Recently, a substantial progress has been made concerning
these spaces. It was proved in [ABF] that Q(n) ∈ AE for all n ≥ 2. The long standing
problem about topological equivalence of Q(n) and the Hilbert cube I∞ was finally solved in
the negative in [AB] (for details see [AB1] and [R]):
Theorem 1.1. Q(2) and I∞ are not homeomorphic.
The key idea of the proof of Theorem 1.1 is to show that Q(2) \ {Eucl} fails to be ho-
motopically trivial where {Eucl} ∈ Q(n) is the Euclidean point which corresponds to the
isometry class of the standard n-dimensional Euclidean space. In turn, this is a corol-
lary of non-triviality of the four-dimensional cohomological group with rational coefficients
H4(Q(2) \ {Eucl},Q). An intimate connection between the Banach-Mazur compacta and the
Smith theory of periodic homeomorphisms [Br] was first revealed in [AB1; p.7] and [AB]. The
same argument was used in [An1; Corollary 6, p.224].
The investigations of Q(2) were continued in [AR1] – it was proved that Q(2) is the one-
point compactification of a Hilbert cube manifold. This implies, with the help of Theorem
1.1, the non-homogeneity of Q(2). A natural problem about the structure of Q(n), n > 2,
was reduced to a plausible question from convex geometry. Here we give the affirmative (and
complete) answer to this problem:
Theorem 1.2. QE(n) = Q(n) \ {Eucl} is a I
∞-manifold.
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2. Preliminary facts and results
The space Q(n) of all isometry classes of n-dimensional Banach spaces is called the Banach-
Mazur compactum (see [AR1] and [R] for detailed exposition of topology of Banach-Mazur
compacta). This compactum admits a representation as a decomposition of the space C(n)
of all compact convex bodies in Rn which are symmetric rel 0.
If one measures the distance between subsets of Rn by the Hausdorff metric ρH and defines
the linear combination
∑n
i=0 λiAi by means of the Minkowski operation, then (C(n), ρH)
becomes a locally compact convex space. Moreover, C(n) can be equipped by an action of
the general linear group
GL(n)× C(n)→ C(n), T · V = T (V ),
where T : Rn → Rn ∈ GL(n) and V ∈ C(n), which agrees with the convex structure on
C(n). It is well-known that the orbit space C(n)/GL(n) is naturally homeomorphic to the
Banach-Mazur compactum.
Let G be a compact Lie group. An action of G on a space X is a homomorphism T : G→
AutX of the group G into the group AutX of all autohomeomorphisms of X , such that the
map G ×X → X , given by (g, x) 7→ T (g)(x) = g · x, is continuous. A space X with a fixed
action of G is called a G-space.
For any point x ∈ X , the isotropy subgroup of x, or the stabilizer of x, is defined as
Gx = {g ∈ G | g · x = x} and the orbit of x as G(x) = {g · x | g ∈ G}. The space of all orbits
is denoted by X/G and the natural map pi : X → X/G, given by pi(x) = G(x), is called the
orbit projection. The orbit space X/G is equipped with the quotient topology, induced by pi.
For more details see [Br].
A space X is called an absolute neighborhood extensor, X ∈ ANE, if every map ϕ : A→ X ,
defined on a closed subset A ⊂ Z of a metric space Z, and called a partial map, can be
extended over some neighborhood U ⊂ Z of A, ϕ˜ : U → X, ϕ˜ ↾A= ϕ. If we can always take
U = Z then X is called an absolute extensor, X ∈ AE.
We note that in the case when X is a metric space, the concepts of the absolute (neighbor-
hood) retract and the absolute (neighborhood) extensor coincide [Hu], [M]. By the Torun´czyk
Characterization Theorem [T], a locally compact space X ∈ ANE is a I∞-manifold if and
only if X admits arbitrary small maps fi : X → X , i ∈ {1, 2}, with Im f1 ∩ Im f2 = ∅.
Let (X, d) be a metric space of diameter 1. The following formula for a metric on the cone
ConX was quoted in [AR1]:
ρ((x, t), (x′, t′)) =
√
t2 + (t′)2 − 2tt′ cos γ,where cos γ = (2− d2(x, x′))/2.
However, the correct formula, which is only slightly different, should have been the following
well-known one (see e.g. [BBI; p.91]):
ρ((x, t), (x′, t′)) =
√
t2 + (t′)2 − 2tt′ cos γ,where γ = d(x, x′).
The authors acknowledge S. A. Antonyan for kindly pointing out to us this lapsus - more on
this formula can be found in [An2].
Next, we introduce a partial order among compact Lie groups. We set L < H, where L
and H are compact Lie groups, if L is isomorphic to a proper subgroup of H. Clearly,
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(α) If L < H, then either dimL < dimH, or dimL = dimH and CL < CH where CH is
the number of components of linear connectivity of H.
If L is a closed subgroup of the compact Lie group H and dimL = dimH, then L is an
open subgroup. The following stronger fact can easily be derived from this:
(β) Let L be a closed subgroup of the compact Lie group H. If dimL = dimH and
CL = CH , then L = H.
The verification of the following property of the order introduced above is quite easy, and
so we leave it to the reader.
(γ) There does not exist any countable sequence of compact Lie groups {Hi} such that
H1 > H2 > H3 > · · · > Hn > . . . .
Clearly, the pair indH = (dimH, CH) belongs to N× N. Let N× N be endowed with the
lexicographical order. It follows from (α) that the map H 7→ indH preserves the order.
We can derive the following principle from (γ) permitting us to prove by induction for
compact Lie groups:
Proposition 2.1. Let P(H) be a property which depends on a compact Lie group H. Suppose
that
(δ) P(H) is true for the trivial group H = {e}; and
(ε) P(H) is true if P(L) is true for every L < H.
Then P(H) is true for every group H.
For instance, we examined in [AR2] the following property satisfying (δ) and (ε): ”P(H)
is valid if and only if for every metric H-space X ∈ H-ANE, the orbit space X/H is ANE”.
It is well-known that (see [J]) for every convex body V ∈ C(n), there exists a unique
ellipsoid EV ∈ C(n) (called the Lo¨wner ellipsoid), which contains V and has the minimal
Euclidean volume. The minimality of volEV implies the GL(n)-invariance of EV , ET ·V =
T · EV , for every T ∈ GL(n). A continuous dependence EV of V with respect to Hausdorff
metric was proved in [ABF]. Therefore L : C(n) → E, L(V ) = EV , is a GL(n)-retraction of
C(n) onto the ellipsoid orbit E = GL(n) · Bn where Bn is the unit ball (L is said to be the
Lo¨wner retraction).
In the sequel, O(n) will denote the orthogonal group of Rn. Let L(n) = L−1(Bn) be the
O(n)-slice which is an O(n)-space. In other words, L(n) consists of all bodies V ∈ C(n)
whose minimal Lo¨wner ellipsoid coincides with Bn. The orbit space Q(n) = C(n)/GL(n) is
homeomorphic to L(n)/O(n). Since, by [ABF], Q(n) ∈ AE, it follows that L(n)/O(n) ∈ AE,
and therefore QE ⇋ Q(n) \ {Eucl} = LE(n)/O(n) ∈ ANE where LE ⇋ L(n) \ {B
n}. Hence,
Theorem 1.2 is reduced to the following assertion:
Theorem 2.2. LE(n)/O(n) is an I
∞-manifold.
It is well known [Ab] that there exists an O(n)-retraction R : C(n) → L(n) which maps
CE(n) into LE(n). However, we need the following folklore result which gives more information
and follows from geometric considerations (see e.g. [AR1]):
Proposition 2.3. There exists a continuous O(n)-retraction R : C(n)→ L(n) such that for
every V ∈ C(n), R(V ) and V are affinely equivalent.
Hint. Let T be an element of GL(n) such that T−1 ·Bn = L(V ). By [L], T can be represented
as T2 ◦ T1 where T2 ∈ O(n) and T1 is self-adjoint. We set R(V ) = T1(V ). We leave the
verification of the required properties to the reader.
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3. Proof of Theorem 2.2
The proof of Theorem 2.2 (and therefore also Theorem 1.2) is easily reduced - by invoking
the Torun´czyk Characterization Theorem - to the following fact (see [AR1]):
Theorem 3.1. For every δ > 0, there exist O(n)-maps fi : LE(n)→ LE(n), i ∈ {1, 2}, such
that dist(fi, IdLE(n)) < δ and Im f1 ∩ Im f2 = ∅.
In turn, Theorem 3.1 evidently reduces to the following two theorems. We first recall some
necessary notions. A point a of a convex set V ⊂ Rn is called extreme if V \{a} is convex. It is
well-known that the set Extr(V ) of all extreme points of V lies in the relative boundary rbdV ,
and V coincides with the convex hull Conv(Extr(V )) of Extr(V ). If Extr(V ) = rbd(V ), V is
called elliptically convex, otherwise V is called non-elliptically convex.
Theorem 3.2. There exists an O(n)-homotopy H : L(n)× [0, 1]→ L(n) such that:
(a) H0 = Id;
(b) If V ∈ L(n) and t ∈ [0, 1], then Ht(V ) = B
n if and only if V = Bn; and
(c) Ht(V ) is elliptically convex for each V ∈ L(n) and each t > 0.
Theorem 3.3. There exists an O(n)-homotopy F : L(n)× [0, 1]→ L(n) such that:
(d) F0 = Id; and
(e) Ft(V ) is non-elliptically convex for each V ∈ LE(n) and each t > 0.
Proof of Theorem 3.2. Let V ∈ L(n). Note that a convex body V is elliptically convex
if and only if every supporting hyperplane of V and V are intersected at one point [L].
This criterion permits to match the notion of elliptical convexity with the Minkowski linear
combination.
Lemma 3.4. Let V, Vi ∈ C(n) and V =
p∑
i=1
λi · Vi, where all λi > 0. Then V is elliptically
convex if and only if Vi is elliptically convex for each i.
Proof. Let Π and Πi be parallel supporting closed hyperplane of V and Vi, respectively. Let
also A = V ∩Π and Ai = Vi∩Πi. It is evident that A =
p∑
i=1
λi ·Ai, and
p∑
i=1
λi ·xi ∈ A, xi ∈ Vi
if and only if xi ∈ Ai for each i. Hence, A consists of one point if and only if each Ai consists
of one point. Now apply the criterion of elliptical convexity mentioned above. 
Let Ψ : Rn × [0, 1]→ Rn be defined by
Ψ(x, t) = Ψt(x)⇋ x/(1 + t · ‖x‖) ∈ R
n.
Clearly, for every t ∈ [0, 1]
(1) Ψt is a continuous O(n)-embedding; and
(2) If Ψt(V ) is affinely equivalent to B
n for some V ∈ L(n), then V = Bn.
Lemma 3.5. (see [BP; p.95]) For any t ∈ (0, 1] and for any V ∈ C(n), Ψ(V, t) is an
elliptically convex body.
Clearly, the O(n)-map
Ψ:L(n)× [0, 1]→ C(n), (V, t) ∈ L(n)× [0, 1] 7→Ψ(V, t) ∈ C(n),
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is continuous. As an easy corollary of Lemma 3.5 and (1) − (2) we conclude that the O(n)-
homotopy H ⇋ R ◦Ψ:L(n)× [0, 1]→ L(n), where R is taken from Proposition 2.3, satisfies
Theorem 3.2. Details are left to the reader.
Proof of Theorem 3.3. First, observe that no additional extreme points appear if we take
a convex hull of the union of convex sets.
(3) Extr(ConvA) ⊂ A, for every A ⊂ Rn.
Hence, if L is a finite subset, then ExtrConvL is also finite, and therefore ConvL is non-
elliptically convex. The key argument in the proof of Theorem 3.3 is concerned with finding
more non-elliptically convex bodies in C(n).
Lemma 3.6. Let V ∈ LE(n) and let H = O(n)V be a stabilizer of V . Then for every finite
subset L ⊂ BdV with 0 ∈ Int(ConvL), W ⇋ Conv(H · L) ∈ C(n) is non-elliptically convex.
Moreover, O(n)W ⊃ H.
Proof. Since {± Id} ⊂ H and 0 ∈ Int(ConvL) ⊂ Conv(H · L), it follows that Conv(H · L) ∈
C(n).
We note the following evident fact:
(4) If A,B ∈ C(n) and BdA ⊂ BdB, then A = B (and therefore BdA = BdB).
Suppose, contrary to the assertion of the lemma, that W is elliptically convex, i.e.
Extr(W ) = BdW . Therefore
BdW = Extr(Conv(H · L)) ⊂ H · L ⊂ BdV.
Hence, by (4), V = W . Since L is finite and O(n) acts orthogonally on Rn, H ·L is contained
in the disjoint union
⊔
ri ·S
n−1 of finitely many concentric spheres. In view of BdW ⊂ H ·L
and connectivity of BdW , BdW ⊂ ri0 ·S
n−1 for some i0. By (4), we have V =W = ri0 ·B
n
which contradicts with V ∈ LE(n).
Finally, O(n)W contains H, in view of the orthogonality of the action of O(n) on R
n. 
Next, we find in arbitrary neighborhood of V ∈ LE(n) a non-elliptically convex body with
more properties.
Proposition 3.7. Let V ∈ LE(n) and let H = O(n)V be a stabilizer of V . Then for every
ε > 0 there exists a finite set L ⊂ BdV with 0 ∈ Int(ConvL) such that:
(i) W = Conv(H · L) ∈ C(n) is non-elliptically convex;
(ii) V and W have equal stabilizers; and
(iii) ρH(V,W ) < ε.
Proof. We apply [Br; 5.5] for the O(n)-space C(n). Then there exists a θ > 0 such that
U ∈ C(n), ρH(V, U) < θ implies:
(5) The conjugate subgroup to O(n)U is contained in H, or, equivalently, O(n)U ⊂ H
′,
where H ′ is a subgroup conjugate to H.
Lemma 3.8. If U ∈ C(n), ρH(V, U) < θ and O(n)U ⊇ H, then O(n)U = H.
Proof. Since H ⊂ O(n)U , we have, by (5), that H ⊂ H
′. Since the Lie groups H and H ′ are
isomorphic, dimH = dimH ′ and C(H) = C(H ′). The property (β) implies that H = H ′. 
Clearly, there exists a finite subset L ⊂ BdV such that 0 ∈ Int(ConvL) and
ρH(V,ConvL) < θ. By Lemma 3.6, W ⇋ Conv(H · L) ∈ C(n) is non-elliptically convex.
Then
V ⊇ Conv(H · L) =W ⊇ ConvL,
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and therefore ρH(V,W ) < θ. Since
O(n)W = O(n)Conv(H·L) ⊃ O(n)H·L ⊇ H,
we have by Lemma 3.8, that O(n)W = H. 
Now, we apply Proposition 3.7 to construct an abundant collection of equivariant retrac-
tions onto non-elliptically convex orbits. We say that a family {Bγ} of G-subsets of X lying
in X \C is G-adjoint to the G-set C, provided that for every x ∈ C and for every neighbor-
hood O(x) ⊂ X , there exists a neighborhood O1(x) ⊂ X such that Bγ ⊂ G · O(x) as soon as
Bγ ∩G · O1(x) 6= ∅.
Lemma 3.9. There exist an open O(n)-cover ω = {Uγ} of Z ⇋ LE(n)× (0, 1] and a family
Ω = {rγ : Uγ → Pγ} of O(n)-maps such that:
(f) For each γ, Pγ = (O(n) ·Qγ)×{tγ}, where Qγ ∈ C(n) is a non-elliptically convex body
and tγ ∈ (0, 1];
(g) {Uγ} is an O(n)-adjoint cover to
A⇋ L(n)× [0, 1] \ Z = {Bn} × [0, 1] ∪ L(n)× {0};
and
(h) For every a ∈ A and every ε > 0, there exists δ > 0 such that dist(rγ , IdUγ ) < ε as soon
as Uγ is contained in the δ-neighborhood (with respect to Hausdorff metric) N(O(a); δ) of
the O(n)-orbit O(a) ⊂ A of a (or briefly, dist(rγi , Id)→ 0, whenever Uγi → A).
Proof. Let Q ∈ LE(n), t ∈ (0, 1], and let R = {(g · Q, t)|g ∈ O(n)} be an orbit of Z. By
the Palais Slice theorem [P], there exists an O(n)-retraction r′R : VR → R, r
′
R ↾R= Id, where
VR ⊂ Z is an invariant neighborhood of R. Here we can assume that:
(6) {VR} is an O(n)-adjoint cover to A; and
(7) dist(r′Ri , Id)→ 0, whenever VRi → A.
By Proposition 3.7, for every orbit R = (O(n) · Q) × {t} ⊂ Z, we can fix an orbit R′ =
(O(n) · Q′) × {t} such that Q′ ∈ C(n) is non-elliptically convex, and there exists an O(n)-
homeomorphism sR : R → R
′ with dist(sRi , Id) → 0 whenever VRi → A. The cover {VR}
and the family of compositions rR = sR ◦ r
′
R : VR → R
′ are the desired objects ω and Ω. 
We now complete the proof of Theorem 3.3. Let {λγ : Z → [0, 1]} be a continuous
equivariant partition of unity, subordinate to the cover ω = {Uγ}. Let R be a retraction from
Proposition 2.3. We define the desired O(n)-map F : L(n)× [0, 1]→ L(n) as follows:
F (V, t) =


R ◦ (
∑
γ
λγ(V, t) · rγ(V, t)), where (V, t) ∈ Z, and
F (V, t) = V, where (V, t) ∈ A.
By Lemma 3.4,
∑
γ
λγ(V, t)·rγ(V, t), (V, t) ∈ Z, is non-elliptically convex. Since, by Proposition
2.3, R(W ) and W are affinely equivalent, it follows that F (V, t), (V, t) ∈ Z, is also non-
elliptically convex. The continuity of F at a point (V, t) ∈ A follows from (7). 
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